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In Yong-gao Chen (Acta Math. Sinica 33(5), 1990, 712-717) the following 
conjecture was given: For any n positive real numbers a~, a2, ..., a,,  there exist n 
integers k~, k2, ..., k,,  such that 
n 1 
aikj-ajki<~-ff-~aj--ff-~ai, i , j=  1, 2 ..... n. 
For n = 2, 3 the conjecture was proved in Part I (reference above). In this paper an 
elementary proof of the conjecture for n = 4 is given, and {al, a2, a3, a4} has been 
determined for which there exist four integers kl k2, k3, k4, such that 
aikj-ajk,<4aj-~ai, i , j=  1,2, 3, 4. 
9 1991 Academic Press, Inc. 
1. INTRODUCTION 
For any real number x, let II x II denote the distance from x to the nearest 
integer. Cusick and Pomerance [5]  gave the following conjecture: 
(C1) For any n positive integers al, ag ..... a,, there is a real number 
x such that each II aix II >1 (n + 1)-  1. 
For n = 2, 3 several proofs of (C1) have been given (Betke and Wills [1 ], 
Cusick [2-4]) .  For n = 4 Cusick and Pomerance [5] have given a proof of 
(C1). But in the proof exponential sums and a computer are used, and 
{al, a2, a3, a4} has not been determined for which there is a real number 
x such that each II aix II >-~- 
In Yong-gao Chen [6]  the following more general conjecture was given: 
(C2) For any n positive real numbers al, a2 ..... an, there exist n 
integers k~, k2 ..... k,, such that 
n 1 
aik j -a jk ,<~-f f -~aj - - f f - -~a~,  i , j=  1, 2 . . . . .  n. 
In  [6 ]  I proved the fo l low ing  conc lus ions :  
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LEMMA 1. For any n positive real numbers aj, a2, ..., a n, the following 
statements are equivalent: 
(1) There exist n integers k~, k2 ..... k , ,  such that 
n 1 
a ik j -a jk i<~- f f -~a j - - f f -~a i ,  i , j=  1,2 ..... n. 
(2) There exist n integers k~, k2, ..., k , ,  such that 
+ , 
i= 1 La i  n + 1 ai a i 
(3) There is a real number x such that each Il aix ll >>- (n + 1) -1. 
LEMMA 2. For any n positive real numbers a~a2 ..... a,, the following 
statements are equivalent: 
(1) There exist n integers k l ,  k2, ..., k , ,  such that 
n 1 
a ik j -a jk i<-~-~a j - -~+- -~a i ,  i , j=  1, 2 ..... n. 
(2) There exist n integers k l ,  k2, ..., k , ,  such that 
~-~(k i 1 l ki n 1 )  
+ ' 
i= l  \a i  n - -  l a i a i 
(3) There is a real number x such that each Ilaixll > (n+ 1) 1. 
From the above lemmas we see that (C2) implies (C1). For n = 2, 3, (C2) 
has been proved (Yong-gao Chen I-6]). In this paper I give an elementary 
proof of (C2) for n=4 and have determined {al, a2, a3, a4} for which 
there exist four integers k~, k2, k3, k4, such that 
a~kj - ajk~ < 4aj - ~a~, i , j  = 1, 2, 3, 4. 
That is 
THEOREM. For any four positive real numbers a~ < a 2 < as < aa, there 
exist four integers k~ = O, k2 ,  k3 ,  k4 ,  such that 
a ik j -a jk i  -<4--~ 5a j -  gai,1 i, j = 1, 2, 3, 4. 
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I f  {a~, a2, a3, a4} ~ {a~, 2a~, 3a~, 4a~}, {al, 3a~, 4a~, 7a~}, then there 
exist four integers kl ,  k2, k3, k4, such that 
a~kj - ajk~ < 4aj - ~a,, i , j  = 1, 2, 3, 4. 
Noting that for n = 3, (C2) is true; by Lemma 1 and the theorem, we 
know that (C2) is true for n =4. 
2. PROOF OF THE THEOREM 
In the following lemmas let a~ < a2 < a3 < a4 be any four positive real 
numbers. Without loss of generality, we may assume that i #j. 
LEMMA 3. If there exist three integers k2, k3, k4, such that 
l (a2 -1)<~k2<~4 
5\a l  ~(~- -  1), 
i , j=2,  3, 4, 
4 1 
a ik j -  ajki <-~ aj - -~ ai, 
then for kl = O, kz, k3, k4, 
4 1 
a ik j -a jk~<~aj - -~a i ,  i , j=  1, 2, 3, 4. 
Proof. For i = 2, 3, 4, 
al a l (  4 1 ) 
a lk i -a ik l=- -a2k i  aik2 +-5 ai - -5 a2 
a114 (a2_  l~ 4 1 ) 
<<.-- I -  a i +-~ ai - -~ a2 a2 \5 \a l  / 
4 1 
=-~ a i - -~ a l, 
al al [ 4 1 ) 
a i k x - a , k i = - -~2 a 2 k i < --~2 ~ - a i k 2 + -~ a 2 - -~ a , 
/ 
.<a l{_ l  1) 4 
"~'a2 ~, 5a i (~ - +-~a2--~ai)  
4 1 
This completes the proof of Lemma 3. 
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LEMMA 4. (A) I f  there exist two integers k2, k3, such that 
1 4 . 2 aza 3 4 1 2 a2a 3 
5a3-5a2+5 a n <a2k3-a3k2<5 a3- -5  a2 5 a 4 
then there is an integer k4 such that 
4 1 
a ik j -a~k,<~aj - -~a~,  i , j=2,  3, 4. 
(B) 
integers k 3 and t such that 
(2/5) a2 + (4/5)(a2a3/a4)- (3/5) a3 
0~t~< +1, 
a3 -- a2 
1 4 2 aza3 4 1 
5a3-5a2+5 a4 <a2k3-a3(k2+t)<-5a3- -5  a2- - -  
I f  a 4 ~ 4a2a3/(3a 3-- 2a2), then for  any integer k2 there exist two 
(1) 
2 a2a 3 
5 a 4 
Proof (A) By the assumption we have 
l a4  4 a4 la4  ~} 
max a-a-s4 k2 + 5' k3 +5~33- +1 
ta2 5 a2 a3 
4a4 1 a4 404 ~} 
< min ~a4 k2 +ta2 5 a 2 5' a 3 k3+5a3-  ' 
Hence there is an integer k4 such that 
a4 k2 + 1 a 4 4 a 4 4 a 4 1 
. . . . .  < k4 < - -  k2 + . . . .  (2) 
a2 5a2 5 a2 5a2 5' 
a 4 k3 q- 1 a 4 4 a4 4 a4 1 
. . . . .  <ka<- -k3+ 5' (3) 
a 3 5 a 3 5 a 3 5 a 3 
From the assumption and (2), (3) we have 
4 1 
a ik j -a jk i<-~a j - -~a i ,  i , j=2,  3, 4. 
(B) If for any integer k 3 and t = 0, (1) cannot hold, then there is an 
integer k such that 
1 4 2 a2a 3 
azk -a3k2  <<'-5a3--5a2 + 5 a4 
4 1 2a2a3<<a2(k +
<-5 a3---5 a2 5 a 4 
1)-a3k2.  
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Let t be an integer such that 
4 1 2 a2a 3 
a2(k + 1 + t ) -  a3(k 2 + t) < ~ a 3 - -  -~ a2 5 a 4 
<~ a2(k + t) - a3(k2 + t - 1 ). 
Then 
0 < t<<. a2(k + 1) -  a3k 2 - ((4/5) a3 -  (1/5) a2-  (2/5)(a2a3/a4)) 
a 3 -- a 2 
( a2 + (1/5) a 3 -- (4/5) a 2 + (2/5)(a2a3/a4) / 
- ((4/5) a 3 - -  (1/5) a 2 - -  (2/5)(a2 a3/a4))J ~< 
a 3 - -  a 2 
(2/5) a2 + (4/5)(a2a3/a4) -- (3/5) a3 
+1.  
a 3 - -  a 2 
+1 
F inal ly  we prove that 
1 4 2a2a 3 
a2(k + 1 + t ) -  a3(k + t) >-T a3--T a2 +-; a---~ 
D D D 
S ince  a 3 < a4 <<. 4a2a3/ (3a3  - -  2a2), we have a 3 < 2a2. F rom a 3 < 2a2 we 
have a 4 > a 3 > 2a2a3/(4a2 - a3) .  That  is, 
4 1 2a2a 3 
~a3-~a2 5 a4 
(~ 4 2 a2a3\ 
a3- -~a2+~--~4 )>a3-a2 .  
Hence 
1 4 2 a2a 3 
a2(k + 1 + t) - a3(k2 + t) > ~ a3 - ~ a2 + ~ a---~- 
Let k 3 = k + 1 + t. Then (1) holds. 
This completes the proof  of Lemma 4. 
LEMMA 5. (A )  
k'4 such that 
Let k2 be an integer. I f  a 4 < ~a 3 and there is an integer 
1 4 4 6 
a4 - -  ~ a2  < a2k'4 - a4k2  < -~ a4 -- -~ a2, (4) 
then there exist two integers k3 ,  k 4 such that 
4 1 
a ik j -a jk i<~aj -~a i ,  i , j=2 ,  3, 4. 
641/37/2-5 
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(B) Ira4 < v a2,3 then jor anv. integer k~_ there exist two integers k 4' and 
t such that 
2a4+a 2 
O~<t~< 5 
a 4 - -  0, 2 
1 4 4 6 
a4 - -  ~ a2 < a2k'4 - a4(k2 + t) < -~ a 4 - -  ~ a 2 . 
Proof (A) By the assumption we know that 
_ _ _ 4 a 4 2 a 4 1 a4 k2 1 a 4 2 a 4 9 <k~ < a4 k2 + 
a2 + 5 a2 + 5 a 3 5 a2 5 a 2 5 a 3 5 
Hence 
~a 3 1 a3 4 a 3 
max k 2 + 5' 
~a2 5 a 2 a 4 
<min ~a3 k2 +~ a3 
~a2 a2 
 a3_4  
k'4 +-~ a 4 5 j  +1 
1 9a  3 1"~ 
5, a3k4+ -
Thus there is an integer k3 such that 
1 a 3 4 a 3 a3 k2 + . . . .  <k3<- -k2+ . . . .  
a2 5 a2 5 a~ 
a3k,n+la3 4<k3<a3k,4+ . . . .  
a 4 5 a 4 5 a 4 
4 a 3 1 
5 a2 5' 
9a  3 1 
5 a 4 5" 
(5) 
(6) 
If k 3 < (a3/a4)k' 4 + 4(a3/a4) - 89 we take k4 = k~. 
If k 3 ~> (a3/a4) k'4 + 4 1 g(a3/a4) - -~, we take k4 = k~ + 1. 
By (4), (5), (6), we have 
a~k j -a jk i<~aj -~a i ,  i , j=2 ,  3,4. 
(B) It is similar to the proof of Lemma 4(B). 
This completes the proof of Lemma 5. 
LEMMA 6. I f  a 2 >1 9a I and one of the follow&g conditions holds, then 
there exist four integers k~ = O, k2, k3, k4  such that 
4 1 
a,k j -a jk i<-~a j - -~a , ,  i , j=  1, 2, 3, 4. 
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3 {14 
(A) a4 < ~ a2, (a,, a2, a4) ~ -~ a2 <. a4 <~-~ a2, 6al < a2 <-~ al . 
3 4a2a3 (al, a2, a3, a4) (B) ~a2<~a4<~--- - -  , 
3a 3 -- 2a 2 
q~ a2 <~ aa <<.-~ a2, -~ a2 < a3 ~-~--f a2, ~ al <~ a2 <-~ al 
w a2<~a4~<~a2,~a2<a3<2a2,~al<~a2< al 9 
4a2 a 3 
(C) a4 > 3a3 -- 2a---~2' 
Proof. 1 First we give some definitions. Let k be the largest integer such 
that for any integer k2, 0 ~< k2 ~< k, there exist two integers k3, k4, such that 
4 1 
a,k j -a jk i<-~aj - -~ai ,  i , j=  2, 3, 4. 
For any integer s, let t(s) be the least nonnegative integer such that for 
k2 = s + t(s), there exist two integers k3,  k4 ,  such that 
4 1 
aik~-ajk i<-~aj- -~a i , i , j=  2, 3, 4. 
If for some s, t(s) does not exist, then let t(s) = + oo. 
Let r be the least integer such that r>~89 We say that 
r<~(a2/al -1) .  If a2>~al, then ~(az/a,-1)-~(a2/al-1)>>.l .  So 
r ~ 4(a2/a ~ - 1). If ~al ~ a2 < ~al, then r = 1 ~< ~(a2/a~ - 1). 
Similarly we can prove that 
4(a  ) 
ifa2>.l-~-~al,thenr+2<~ -1  ; 
i fa2>~-a~, thenr+4~4(a-~- l )  
5 " 
If Lemma 6 is not true, then by Lemma 3 we have 
) k<~r- l<-~ -1  , (7) 
4//a 2 1). r + t (r )  (8) 
1 If k does not exist for {a2, a3, aa}, let k = - 1. 
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From (7), (8) we have 
3k < t(r) + 1. (9) 
Hence we need only to prove that one of (7), (8), (9) cannot hold. 
(Please remember it.) 
(A) By direct calculation we know that for any integer k: = k3 = k4, 
if 
(4/5) a 2 - (1/5) a 4 
0~<k2< 
a 4 -- a 2 
then 
4 1 
a ,k j -a jk i<~a/ -~a, ,  i , j=2 ,  3, 4. 
By Lemma 5 we have 
t(r) <<. 
2 a 4 q.- a 2 
5 a 4 - a:" 
We need only to consider the following five cases: 
Case 1. a4 <~ 6a2. Then 
3k~3(  (4/5)a2-(1/5)a4a4 - -  a 2 1 )  >~ 2 a4 + a 2 5    - -  a2 
Case 2. a4 > 6a2, a2 >1 ~al .  Then 
- - + 1 >~t(r)+ 1. 
2a4+a222 4 (a212 ) 
- - < - -  r+4~< -1  t(r) <~ 5 a 4 - -  a2 5 ' 5 " 
Thus r + t(r) <<. 4(a2/a 1 - 1 ). 
14 a2 < ~al .  Then Case 3. 6a2 < an < ~a2, 
(4/5) a2 - (1/5) a 4 > 2.  
a 4 -- a 2 
Hence k >/2 > ~(a2/al - 1 ). 
Case 4. a4 < ~a2, a2 <~ 6al. Then 
(4/5) a2 - (1/5) a4 
04 - a2 
Hence k/> 1/> ~(a2/al - 1 ). 
>1.  
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17 Case 5. ~a 2 < a 4 < 3a 2, 6al < a2 < 1--]al. Then 
t ( r ) -< 2 a 4 + a~ < 3 , r + 2 -< 4 ( a~-~l 1 )  
"~ 5 a4-a2  "~5 " 
Hence r + t(r) <~ 4(a2/a 1 - 1 ). 
(B) From a3<a4~4a2a3/(3a3-2a2) we have a3<2a 2. Firstly we 
prove that for a3 < 7a2, a41> 2a2aa/(7a2- 5a3), (9) cannot hold. For this 
we give estimates of the lower boundary of k and the upper boundary 
of t(r). 
The Estimate of the Lower Boundary of k. Since 
4 1 2a2a~ 4 3 
-5a3--5 a2 5 a n >5a3-5  a2>0,  
we know that for any integer k 2, 
we have 
0~<k2< 
(4/5) a2 - (1/5) as -- (2/5)(a2a3/a4) 
a 3 -- a 2 
1 4 2 a2a3< 4 1 2a2a3 
-5a~-5az+5 a 4 a2k3-a3k2<-5a3-5  a2 5 a----4-' 
where k3- -k  2. For these integers k2, k3, by Lemma4(A),  there is an 
i n teger  k 4 such that 
4 1 
a ik j -a jk i<-~a j -~a i ,  i , j=2 ,  3, 4. 
By the definition of k and the above arguments, we have 
k >/(4/5) a2 - (1/5) a3 - (2/5)(a2a3/a4) 
a 3 - -  a 2 
-1 .  (~o) 
The Estimate of the Upper Boundary of t(r). By Lemma 4(B), there 
exist two integers t and k~, such that 
0 ~< t < (2/5) a2 + (4/5)(a2a3/a4) - (3/5) a 3 + 1, 
a 3 - -  a 2 
1 4 +2a2a3<a2k,3_a3k,2<4 1 2aza3 
-5a3---5 a2 5 a 4 5a3- - -5a2- - -5  a----4-' 
where k~ = r + t. 
641/37/2-6 
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By Lemma 4(A), there is an integer k; such that 
4 1 
a ik~-a jk i<~ai -~a i ,  i , j=2,  3, 4. 
By the definition of t(r), we have t(r) <<. t. 
Hence 
(2/5) a2 + (4/5)(a2a3/a4)- (3/5) a3 
t(r) ~< + 1. (11) 
a 3 - -  0 2 
I f  a 3 < 7a2,  a 4 >t 2a2a3/(7a2- 5a3), by (10), (11), we have 
3k >~ 3(  (4/5) a2 -  (1/5) a3 -  ( __ a2  1) 
1> (2/5) a2 + (4/5)(a2a3/a4) -- (3/5) a 3 q- 2 ~> t(r) + 1. 
a3 - -  a2 
Hence if a3 < 7a2, a4 >~ 2a2a3/(7a2 - 5a3), then the conclusion is true. 
We need only to consider the following five cases. 
21 Case 1. a3- .~a2.  Then 2a2a3/(7a2-5a3)<~3a2<~a4. Hence the con- 
clusion is true. 
Case 2. a 4 >~ 5a 3 . 
From 5a 3 ~< a 4 ~ 4a2a3/ (3a  3 - -  2a2)  we have  a 3 ~< 6a 2. 
By a 3 ~< 6a 2 we have  2a2a3/(7a2 - 5a3) ~< ~a 3 ~< a4. 
Hence the conclusion is ture. 
7 Case 3. ~a: < a4 < 5a3. Then 
4 6 4 
-ga4- -~a2- - (~a4- - -~a2)>a2.  
Thus there is an integer k~ such that 
1 4 4 6 
a4 - ~ a2 < a2k'4 - a, r < -~ a 4 - -  -g a 2 . 
By Lemma 5(A) and Lemma 3 we know that the conclusion is true. 
Case 4. a3 > ~9a2,  a2  >~ l---~al .
Noting that a4 >~ ~a2, we have 
t(r) <~ (2/5) a2 + (4/5)(a2a3/a4) - (3/5) a 3 31 + 1 ~<~-~+ 1. 
a 3 -- a 2 
Hence r+ t(r) <~ r + 4 ~ ~(a2/al - 1). 
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21 Case 5. a3 > ~a2, ~al <~ a2 < ~al ,  
3a2 <<. a4 <~ ~a2}. 
If a4 >4aza3/(13a3 - 12a2), then 
(~a2 < a 3 ~< ~i-a2, (a2,  a3 ,a4  ) ~ 2t 36 
t(r) <~ (2/5) a 1 + (4/5)(a2a3/a4) - (3/5) a 3 + 1 < 3. 
a 3 - a 1 
Hence r + t(r) <~ r + 2 <<, 4(a2/a L - 1). 
14 If a 4 > 2az a3/(14a2 - 1 la 3), a 3 < T~a2, then 
(4/5) a2 - (1/5) a 3 -- (2/5)(a2a3/a4) 
a 3 - -  a 2 
>2.  
Hence k/> 2 > 89 - 1). 
Therefore if aa>4a2a3/(13a3-  12a2) or a4>2a2a3/(14a2-  l la3)  
14 (a 3 < iTa2), then the conclusion is true. 
If a 3 > ~a2, then a4 I> 3a2 > 4a2a3/(13a3- 12az). So the conclusion is 
true. 
Since 
4a~a3 2a2a3 ~ 8 , <.-~a2, 
min ~13a3-  12a214a-~- ] - la3 j  
we know that if ~a221 < a3 ~ ~a236, a4 > 8a2, then the conclusion is true. 
(C) Since a4>4a2a3/(3a3-2a2) ,  we have 
4 1 2a2a3 (1 4 2a2a3~ 
- - -  > a 2. a35 a25  a4 -~ a3 ---~ a2 +-~ a4 / 
Hence there is an integer k 3 such that 
1 4 _4 1 2 a2a3 
2a2a3<a2k3-a3r<5a3-5  a2 5 a 4 ~a3- -~a2+~ a4 
By Lemma 4(A) and Lemma 3 we know that the conclusion is true. 
This completes the proof of Lemma 6. 
LEMMA 7. I f  a2>~ga,, (a, ,a2, a3, a4)q~{gat<~a2~ 64i7al ' _f.ga2<~a3 
7 5~a2, a4= 3a2} , then there exist four integers kl =0,  k2, k3, k4, such that 
aik j - ajki < 4 1 -~aj - ~ai, i, j = 1, 2, 3, 4. 
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Proof  By Lemma 6 we need only to consider the fol lowing three cases: 
(1) 14 .< 17 - f fa2<~a4..~a~, 6al <a2< ~a l .  
21 (A) 2 a 4 > T~a3. Let kl = 0, k~ 3, k 3 = 3, k 4 = 4. 
21 (B) aa<,-~a 3. Let kl =0 ,  k2 3, k3=k4=4.  
(2) 3a2<~a4<~8a2, 21 36 Na2<a3<<.ga2, ~a l<~a2<~al .  Let k1=0,  
k2=k3=2,  k4=3.  
. (  7 21 9 < ~2a l "  (3) 3a2 ~ an ~ 5a2, T~a2 < a 3 < 2a2, Zal ~< a2 
27 7 
(A) an< ~a3,  a4~sa 2. Let k l=0 , k2 = 1, k3=2 , k4=2.  
(B) an t> ~a3,27 a4 :~ 37-a2, a 3 < 3a 2. Let kl = 0, k 2 = k 3 = 1, k 4 = 2. 
(C) a4~ 27 ~3 -~a3, a3;..$a 2. Let k l=0,  k2=l ,  k3=2 , k4=3.  
77 = (D)  a4 = 7a2, a3 > ~a2.  Let kl = 0, k2 1, k 3 2, k 4 = 3. 
21 (E) a4 = 7a2, a3 < T~a2. Let kl = 0, k2 = k3 = 1, k 4 = 3. 
= 7 21 77 64 
(F)  a n 5a2, Na2 <~ a3 <~ 3~az, ~a l  < a2 < ~a l .  
Let k l=0 , k2=2,  k3=3 , k4=5.  
This completes the proof  of Lemma 7. 
64 21 ~< a3 ~< 77 LEMMA 8. I f  9 a 1 <~ a2 <~ ~a l ,  -iga2 -~a2, a4 = 7a2, then 
(A) fo rk l=O,  k2=k3=l ,  k4=2,  
aikj _ ajki <~ 4 1 ~aj -  gai, i, j = 1, 2, 3, 4; 
(B) fo r  {al ,  a2, a3, a4} ~ {al ,  3al ,  4a l ,  7al},  there are four integers 
k l ,  k2, k3, k4, such that 
aikj _ ajki < 4 1 ga j -  -~ai, 
Proof  We need only to prove (B). 
(1) 
(2) 
(3) 
(4) 
(5) 
i, j=  1, 2, 3, 4. 
a3<4a 1. Let k I = 1, k2=3,  k3=4 , k4=8.  
217 _ a3>~4al, a3>T-~u2. Let kL = 1, k2=4,  k3=6,  k4 = 10. 
21 ~ a3 < 203 _ a3 >/4al ,  ~a2 ~3u2. Let kl = 1, k2 = 4, k 3 = 5, k 4 = 10. 
a 3 > 4al ,  203 _ 217 _ i-~u2 <<, a 3 <~ i-~uz. Let kl = 1, k2 = 5, k 3 = 7, k4 = 12. 
203 - 217_ a~/(3al). Then 216~ 204 a3=4a l ,  y~a2~a3<~i-~a2. Let ~= T63- 
2 In the remarks I give an example to check the assertion. Note that a~ < a 2 < a 3 .< a 4 in all 
cases 
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Since {al, a2, a3, a4} :/: {al, 3al, 4al,  7al }, we have ~ ~ 1. We say that 
there exist two integers s, t, such that 
6 9 9 3 
- - - - -  ot < sot - t < 
35 20 3-5 - i-0 ot" 
If ot is irrational, for 9 3ot (6 2~0~)= 3+ ~>0,  by a result of ~3- -T6  - -  gg - -  
uniform distribution, there exist two integers s, t, such that 
6 9 9 3 
ot ~ SOt - -  
35 20 t < 3-5- TO ~" 
If ot is rational, then there exist two integers m >~ 1, n, (m, n) = 1, such that 
= n/m. 
Since Since 
n 204 216 1 1 --1 < < 
m 203 217 100' 
we have ~m-  3n-  (~m-  ~n)= 3m + an  > 1. Hence there exist two 
integers s, t, such that 
6 9 9 3 
3----g m -- -~-6 n < ns -- mt  < -~ m ----~ n. 
That is, 
6 9 9 3 
3---~ - 2--~ ~ < s~ - t < ~-~ - ~-~ ot. 
We need only to take kl = s ,  k 2 = 3t, k 3 = 4s + 1, k 4 --- 7t + 1. 
This completes the proof of Lemma 8. 
LEMMA 9. I f  a2 < 9 a~ and one o f  the fo l lowing conditions holds, then 
there exist  four  integers k l  = O, kz ,  k3, k4 ,  such that 
1 
aik j  - a jk i  < ~ aj - -~ ai, i , j=  1, 2, 3, 4. 
(A) There exist  two integers k3, k such that k >~k3 >~O and 
(5k + 6)(5k3 + 1 ) (5k + 4)(5k 3 + 4) 
4(5k + 4) a2 < a3 < 5k + 6 
{~ 5k + 1 ) 
a4>max (5k + l )a2,  5k -~a3; .  
a l ,  
(12) 
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There exist two integers k3, k such that k >1 k 3 >/O, and 
35k+6 
a2>~5k +4al, 
(5k + 6)(5k 3 + 1 ) al < a3 < (5k + 4)(5k 3 + 4) 
4(5k+4) 6(5k+ 6) 
aa>max (5k+ 1)al, a3 . 
5k 3 + 4 
a2, 
Proof (A) Since (12) and 4(5k4 + 4)/(5k4 + 6) > 49-> (a2/al) 
we know that for any integer k4/> k, 
max{~(5k4+6)a2'5k4+6 4 } 5k 3 + a 3 < min 
Hence for 
5k 4 + 4 
{(5k4+4'al, Sk'~3~a3} 9 
{~ 5k + 1 ] 
a4>max ( 5k + l )az, sk -~ a3 ~ 
there is an integer k4 such that 
max (5k 4 + 1)a2, ~ a3 < a4 < min 
5k 3 
5k4+4 ] 
(5k4 +4)al, Sk-~3--~a3; 9 
It is easy to see that for kl = 0, k2 = 0, k3, k4, 
5k i+ 4 a i<- -a j ,  i , j=  1, 2, 3, 4. 
5kj+ 1 
That is, 
4 1 a,kj-ajk,<-~aj-~a,, i, j=  1, 2, 3, 4. 
(B) Since (13), (14), we know that for any integer k4>~k, 
max{~(5k,+6)al,5k4+6 } {~ 5k4+4 ) 
5k3 + 4 a3 < min (5k4 + 4)az, ~ a3~. 
Hence for 
a4 >max (5k+l)al,~3-~a3 ~ 
(13) 
(14) 
(k4 >10), 
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there is an integer k 4 such that 
max (5k4+ l)al, 5k~--3-~a3;<aa<min (5k4+4)a2, 5k-~-3-~a3;. 
It is easy to see that for kl = 0, kz = I, k3, k4, 
That is, 
5k i + 4 
a i<- -a j ,  i , j=  1, 2, 3, 4. 
5kj + 1 
4 1 
aikj-ajki<~aj--~ai, i , j=  1, 2, 3, 4. 
This completes the proof of Lemma 9. 
LEMMA 10. If a2<9a1, (al,a2, a3, a4)${a2<9al, a3~<~al, 3a2~< 
a 3 ~< ~a2, 4al ~< a4 ~< 3a3}, then there exist four integer k~ = 0, k2, k3, k4, 
such that 
4 1 
aikj-ajki<-~aj--~ai, i, j=  1, 2, 3, 4. 
Proof 
Case 1. 
We consider the following five cases: 
a 3 > Ha 2. Since for any integer k 1> 1, 
4(5k+4)  2 (5k+9)  9 a 2 
(5k+ 6) 2 (5k+ 11)>4>~ '
that is, 
(5k+ l l)(5k + 6) (5k + 4) 2 
4(5k + 9) a2< 5k+6 al~ 
we know that if a 3 > ~az, there is an integer k/> 1 such that 
(5k + 6)(5k + 1) (5k + 4) 2 
4(5k + 4) a2<a3< 5k+~ al" 
Noting that a4 > a3 > 88 + 1) a2 and a 4 > a 3 > ((5k + l)/(5k + 4)) a3, by 
Lemma 9(A) we know that the conclusion is true. 
Case 2. ~al < a3 <<. ~a2. 
Noting that a 4 > a 3 > !~al, and Z~a 1 < ~a2 implies a2 > ~al ,  by 
Lemma 9(B) (k 3 = 2, k = 2) we know that the conclusion is true. 
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Case 3. a3 <~ g~al, a4 > 3a3. 
By Lemma 9(A) (k 3 =0,  k= 1) we know that the conclusion is true. 
Case 4. a 4 < 4al. Let kt = k2 = k 3 = k 4 = 0. 
3 ~< 2q2al, a3 Case 5. 4at<~an<~a3, a3 <3a 2. Let k ]=0,  k2=k3=l ,  
k4 = 2. 
This completes the proof of Lemma 10. 
LEMMA 11. I f  a2<9al,  a3<~a , 3a2<~a3<~!~a2, 4al<~a4<3-a then 2 3, 
(A) for k 1 = k2 = O, k 3 = k 4 = 1, 
aikj - ajki <<. 4 1 a j -~a i ,  i, j=  1, 2, 3, 4; 
.2 
(B) for {a,, a2, a3, a4} q: {a,, 2a,,  3a1, 4a~} there exist four integers 
kl, k2, k3, k4, such that 
a ik j -a jk i<~ai -~a i ,  i , j=  1, 2, 3, 4. 
Proof We need only to prove (B). Divide this into five cases: 
(1) 4al<~a4<3a3, a3>3a2 . Le tk l=k2=0 ,k3=k4=l .  
(2) a 4 = 3a3, a 3 > 3a 2. Let kl = 1, k2 = 2, k 3 =- 4, k 4 = 6. 
(3) a3 3a2, 39 = a4 > Naz. Let k~ = 1, k2 = 2, k 3 = 3, k4 = 5. 
39 (4) aa ~< Na2, a4 > 4ai. Let kl = O, k2 = 1, k 3 = 2, k 4 = 3. 
(5)  a 3 3a 2, a4=4a l ,  a4~< 39 = ~a2.  Let cr = 2a,. 
Since {am, a2, a3, a4} # {a l ,  2al, 3al, 4a1}, we have e-# 1. We say that 
there exist two integers s, t, such that 
4 9 1 3 
15 20 c~<sce- t< 10 10 
1 If 0r is irrational, for ~o 3e- ( -~-9e)=~+3~>0,  by a result of 
uniform distribution, there exist two integers s, t, such that 
4 9 1 3 
15 20 e <sc~- t< 10 10 
If e is rational, then there exist two integers m/> 1, n, (m, n) = 1, such that 
39 =n/m. Since 4at ~< ~a2,  3a2 ~< 722al, we have ~38 <<.n/m <~ 57.22 Hence 
1 n 22 38 1 
--~< m-1  < m 
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Since - ~m - 3n  - ( - 4m - 9n)  = ~m + 3n  > 1, there exist two integers 
s, t, such that 
4 9 1 3 
-- 1---~ m - - -~  n < ns -- mt < -- -~ m -- -f-~ n, 
that is, 
4 9 1 3 
15 20 ~ <set - t< 10 10 
We need only to take k~ = s, k 2 = 2t -  1, k 3 = 3t -  1, k 4 = 4s + 1. 
This completes the proof  of Lemma 11. 
From Lemmas 7, 8, 10, 11 we get a proof  of the theorem. 
3. REMARKS 
From the proofs of (C2) for n =2,  3, 4 we know that in these cases 
we can always take k~ = 0. It may be that for all n we can take kl =0.  
It can be proved that for {al, a2, a3,  a4} = {a l ,  2a1, 3a~, 4a~} or 
{al, 3al, 4al,  7al }, there do not exist four integers kl ,  k2, k3,  k4,  such that 
4 1 
a ik j -a jk i<-~a i - -~a i ,  i, j=  1, 2, 3, 4. 
In order to decrease obstacles to the reader, as an example, I check 
Assertion 4 in the proof  of Lemma 8. 
ASSERTION 4. 9a 1 ~< a: ~< 64 21 .<~ 77 7_ a ~al ,  iga2<<-aa--~-~a2, a4=3 2, a3>4a l ,  
203_ ~<a3~<217_  T33u2 i-~u2. Let  kl = 1, k2 = 5, k 3 --- 7, k 4 = 12. 
Proof  For k i ~> 0 (i = 1, 2, 3, 4), 
4 1 
a ik j -a jk i<-~a j - -~a i ,  i , j=  1, 2, 3, 4, 
is equivalent o 
5k i q- 4 
a i<~aj ,  i , j=  1, 2, 3, 4. (15) 
Let kl = 1, k 2 = 5, k3 = 7, k 4 = 12. Then (15) becomes 
(A) -~al < a2 < -~a~, (D) ~a236 < a3 < 3a2 '
~a  61 32 (B) 4al < a3 < 2 1, (E) ~a2 < a4 < i3al, 
(C) ~a l<a4<~al ,  (F) 61 5-~a3 < a 4 < ~a 3 . 
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We prove that if (a~, a2, a3, a4) satisfies the assumption in 4, then (A?(F )  
hold. 
217 - 64 (A) F rom 4al<a3<<.igTu2 and a2~< ~a l  we know that ~a l  < 
a2 < ~a l  9 
<~ 217 64 (B) F rom a3...,..i-~a2, a2<~-~aI we know that a3<~a 1. Hence 
4al < a 3 < ~a l .  
~ 217 (C) F rom a4 7a2, 4al <a3~ t~a2 we know that 
7 162 61 
a4>-~-4-  2-~ ai >-~- a l .  
7 64 From a4 ~a2, a 2 <, ~a I we know that a4 < ~a~ Hence -~al < aa < 3-2a ~--- " 3 1" 
(D) By 21 77 36 y~a 2 ~ a 3 ~ ~a 2 we know that ~a2 < a3 < 3a2. 
61 32 (E) That is, ~-#a 2 < 7a 2 < ~a 2. 
(F) 61 61 217-  7 ~a3 ~ ~"  1--~tt2 < ~a2 < ~"  203 _ 1--~u2 ~< ~a 3 . 
This completes the proof  of Assertion 4. 
REFERENCES 
1. O. BETKE AND J. M. WILLS, Untere Schranken fiir zwei diophantische Approximations 
Funktionen, Monatsh. Math. 76 (1972), 214-217. 
2. T. W. CUSlCK, View-obstruction problems, Aequationes Math. 9 (1973), 165-170. 
3. T. W. CUSICK, View-obstruction problems in n-dimensional geometry, J. Combin. Theory 
Set. A 16 (1974), 1-11. 
4. T. W. CUSlCK, View-obstruction problems, II, Proc. Amer. Math. Soc. 84 (1982), 25-28. 
5. T .  W.  CUSICK AND CARL POMERANCE, View-obstruction problems, III, J. Number Theory 
19 (1984), 131-139. 
6. YONG-GAO CHEN, On a conjecture in Diophantine approximations, I, Acta Math. Sinica 33 
(5) (1990), 712-717 [in Chinese]. 
